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1 The Group Measure Space von Neumann Algebra Con-
struction

1.1 Measure-preserving actions of groups

Up to now, our only examples of I factors have been

e the hyperfinite I1; factor R,

e the group von Neumann algebra L(T"), where I" is ICC.
Here is another class of examples of 11 factors.

Definition 1.1. Let I" be a discrete, countable group, and let (X, u) be a standard,
nonatomic probability space. A measure-preserving action I' O7 X is a collection
of measure-preserving (,u(aag_lA) = u(A)) maps o, : X — X that are invertible (mod null
sets) such that o : I' = Aut(X, i) sending g — o4 is a group homomorphism.

By Aut(X, ), we mean automorphisms of X as a measure space. A measure-preserving
o gives rise to an map o* € Aut(L>(X,p), [ du) given by o*(f) = foa~!. The ac-
tion I' O7 (X, u) induces o*, an action of T' on (L(X,p), [ du) by (6*)4(f) = fo
(04)7%; in particular, (o*)4(0c*)p, = (0*)gn. That is, we gave a homomorphism o* : T’ —
Aut(L>°(X, p), [ -dp), where this is the group of automorphisms of L*(X) preserving
J -dp. We will denote this action by I' O (L°°(X, u), [ - du), suppressing the star nota-
tion.

Surprisingly, we can go back!

Theorem 1.1 (von Neumann). Let 8 € Aut(L(X, p), [ -du). Then there exists a unique
a € Aut(X, ) such that o = .



1.2 Construction of the algebra

Here, A = L*° is a von Neumann algebra. Form the vector space Al of finitely supported
sums Zg agug : ag € A}. We can turn this into an algebra by introducing the multiplication

(agug) - (anun) = agog(an)ugn.

This gives us an algebra where ugahug_l = o4(ap). Moreover, this is a *-algebra by

(agug)" = ug—1ag = 041 (ag)ug—1.

We also have the functional
T (Z agug> = /ae du.

Proposition 1.1. 7 is a trace state.

Proof. We want to show that 7((agug) - (anup)) = 7((anup) - (aguy)). That is, we want to
show that

5gh7e/agag(ah)du: (5hgye/ahah(ag) ,dp.

Replacing h = g~ !, this is
/agag(agl)du: /ahah(ahl)du

If we apply 05,1 to the right hand side, since o;,-1 preserves the integral, we get

/Uhl(ah)ahl dp.

So these are the same. O

Now we can define L?(I' © X), the completion of (AT, (-,-)_). This completion is nat-
urally isomorphic to ¢2(I", L?(X)). Alternatively, we can identifying it with the following:

®g€F(L2(X,,U,))g. We can also write it like {37, oug : &y € L3(X), > ger €57 dp < oo}
That is, we want > H§9H%2(X) < 00.

Example 1.1. If X is a single point, then A = C. So this gives ¢/?(I").

On L3(I' © X), we define operators of left multiplication and right multiplication by
elements in AT'; this gives x = ) cgug — A(z) or p(z). In particular, the operation is

Aagug) thuh = Zagugfhuh = Z agog(&En)ugh = Z agog(ag—1p )up:.
h h

h h

So we have two representations of the *-algebra AT on L?(I' O X). Check that A(z*) =
A(z)* and 7(z) = (A(x)1,1)_, where 1 is the series with the only nonzero coefficient u; and
&1 to be the constant 1 function.

Definition 1.2. The group measure space construction is the von Neumann algebra
WO
LT O X):=\AT)  C B(L*( © X)) (and similarly for R).




1.3 Properties of the algebra
We can extend 7 to the whole space by 7(z) := (x(1),1).

Theorem 1.2. (L(I' © X),7) and (R(I' © X),7) are tracial von Neumann algebras (and
thus finite) with the faithful, normal trace T.

Theorem 1.3. The left and right group measure space constructions are each other’s
commutants. That is, L(I © X) = R(T' © X) and R(I' © X) = L(I' O X).

In fact, if £ = 32 §gug € L*(T' © X) and 7 is similar, then we have the formal product
¢n € £°(I', LY (X)). Then we call £ a convolver if én € L2(I' O X) for all n € L2(T' O X).
Then we get a characterization of L(I' O X)) in terms of left multiplication by convolvers,
just like in the L(I") case.

Observe that A = L (X, ) sits inside L(I' O X)) as the algebra a — au,.

Theorem 1.4. Let I' O X be a measure-preserving action.

1. ACM = LT O X) is mazximal abelian in M (i.e. AN M = A) if and only if
I' O X is essentially free (i.e. p({t € X : gt =t}) =0 for all g #e).

2. If T' O X is essentially free, then M is a factor if and only if o is ergodic (if
a € L*(X) and o4(a) = a for all g, then a € C1). So if I is infinite, then M is a
11 factor.
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